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In this paper abelian function ﬁelds are restricted to the subﬁelds
of cyclotomic function ﬁelds. For any abelian function ﬁeld K/k
with conductor an irreducible polynomial over a ﬁnite ﬁeld of odd
characteristic, we give a calculating formula of the relative divisor
class number h−K of K . And using the given calculating formula we
obtain a criterion for checking whether or not the relative divisor
class number is divisible by the characteristic of k.
© 2009 Elsevier Inc. All rights reserved.
Let Fq be the ﬁnite ﬁeld with q elements and q be a power of an odd prime number. Let k = Fq(T )
be the rational function ﬁeld of the indeterminate T over Fq . Denote by R = Fq[T ] the polynomials
of T over Fq , which is a ring called the integer ring of k. Fix an algebraic closure of k and denote it
by kac. Note that kac has two special Fq-automorphisms:
τ ,σ :kac → kac,
τ (α) = αT (multiply by T ),
σ (α) = αq (Frobenius)
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α f (T ) = f (τ + σ)(α).
Via this action, kac becomes an R-module, named Carlitz-module.
For any monic polynomial M = M(T ) ∈ R , put
ΛM =
{
α ∈ kac: αM = 0}.
Then ΛM is a submodule of kac and there is an R-module isomorphism:
ΛM ∼= R/(M), λN → N (mod M),
where λ is a generator of the cyclic module ΛM (i.e., a primitive M-torsion element).
Consider the function ﬁeld generated by ΛM (the M-torsion elements of the Carlitz-module kac)
over the rational function ﬁeld k, that is
L = k(ΛM),
which is called a cyclotomic function ﬁeld with conductor M . The Galois group of the cyclotomic
function ﬁeld L/k, denoted by G = Gal(L/k), is naturally isomorphism to (R/(M))×:
Gal(L/k) → (R/(M))×,
σN → N (mod M)
(
where σN(λ) = λN
)
(for N ∈ R , (N,M) = 1, λ ∈ L). Thus usually we identify G and (R/(M))× and write G = Gal(L/k) =
(R/(M))× .
The ﬁxed subﬁeld of L by F×q , denoted by L+ = k(λq−1), is called the maximal real subﬁeld of L.
The characters χ of G = (R/(M))× are actually the Dirichlet-characters of R modulo M . If χ(F×q ) = 1,
then χ is said to be real; otherwise, χ is non-real. In this paper, we restrict an abelian function ﬁeld
to a subﬁeld of a cyclotomic function ﬁeld L = k(ΛM) (see Ref. [2]).
In [5], to calculate the relative divisor class numbers h−(k(ΛP )) of cyclotomic function ﬁelds with
irreducible conductors, Rosen gave a formula using determinants. From the formula, he got an upper
bound of the relative class number and obtained a criterion for determining whether or not the
relative divisor class number is divisible by the characteristic. In [1], Bae and Kang obtained the
upper bound via different method and established a determinant formula computing the relative class
number of h−(k(ΛPn )). In [4], Ma and Zhang gave an upper bound and a computing formula for any
abelian function ﬁeld with irreducible conductor. But, like in [1], the calculating formulae are quite
complicated because it is needed to get the inverses of the polynomials modulo the conductor. In this
paper, we give a simpler calculating formula for the relative divisor class numbers of abelian function
ﬁelds and study their divisibilities using the calculating formula.
In this paper, we always assume L = L(ΛP ), where M = P ∈ R is an irreducible polynomial of
degree d 1. Thus the Galois group G = Gal(L/k) = (R/(P ))× is a cyclic group with order qd − 1. Let
ω be a generator of G .
For any integer m|(qd − 1), the cyclotomic function ﬁeld L = k(ΛP ) has a unique subﬁeld K = Km
with degree [K : k] =m. Obviously its Galois group is
GK = Gal(K/k) =
(
R/(P )
)×/((
R/(P )
)×)m
.
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satisfying χm = 1. A character χ ∈ Gˆ K is real if and only if
χ(ω)(q
d−1)/(q−1) = 1.
The function ﬁeld K+ = K ∩ L+ is said to be the maximal real subﬁeld of K . Denote the class numbers
of zero-degree-divisors of K and K+ respectively by hm and h+m . The ratio
h−m = hm/h+m
is called the relative divisor class number of K , which is an integer. The following result is well-known
for the relative divisor class number (e.g. see [2]):
Lemma 1. Let Gˆ−K be the non-real characters in Gˆ K , then
h−m =
∏
χ∈Gˆ−K
∑
monic A∈R
deg A<d
χ(A).
Denote r = qd−1q−1 . Furthermore, assume r|m and denote c = mr . For any polynomial A = asT s + · · ·+
a1T + a0, as = 0, denote sgn(A) = as . And let sgnP (A) = sgn(B), where polynomial B ≡ A (mod P ),
deg(B) < d. Consider the set of polynomials
{A1, A2, . . . , Ar} =
{
A
∣∣ deg(A) < d, sgn(A) = 1}.
Deﬁne the r × r matrix C as:
C = (sgnP (Ai A j)).
Fix a generator ψ of the character group Fˆ×q . For t = 1,2, . . . , c − 1, deﬁne the matrix
S(t) = ψ t(qd−1)/m(C).
Here, the action of a character on the matrix C is via acting on every elements of C . We obtain the
following formula for calculating the relative divisor class number.
Theorem 1. Suppose that K = Km is an abelian function ﬁeld of degree m. Let r, c and S(t) be as in Lemma 1.
Assume that r|m. Then the relative divisor class number of K is the product of the determinants det S(t) , that is
h−m =
c−1∏
t=1
det S(t).
From this calculating formula, we can get the following result about the divisibility of the class
number:
Theorem 2. Let K be the abelian function ﬁeld deﬁned in Theorem 1. Let
C (t) = ((sgnP (Ai A j)) q
d−1
m ·t).
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∃t ∈ {1, . . . , c − 1} such that detC (t) = 0 (in the ﬁeld Fq).
Example 1. Let q = 5, P = T 2 + 2 is an irreducible polynomial in F5[T ]. Consider the cyclotomic
function ﬁeld K = k(ΛP ) with conductor P . Let Km = K12 be its subﬁeld of degree m = 12. Then r|m,
(qd − 1)/m = 2, c =m/r = 12/6= 2. Thus
{A1 = 1, A2 = T , A3 = T + 1, A4 = T + 2, A5 = T + 3, A6 = T + 4}
are all the monic polynomials of degree less than 2. Thus we obtain the matrices
(Ai A j) =
⎡
⎢⎢⎢⎢⎢⎣
1 T T + 1 T + 2 T + 3 T + 4
T 3 T + 3 2T + 3 3T + 3 4T + 3
T + 1 T + 3 2T + 4 3T 4T + 1 2
T + 2 2T + 3 3T 4T + 2 4 T + 1
T + 3 3T + 3 4T + 1 4 T + 2 2T
T + 4 4T + 3 2 T + 1 2T 3T + 4
⎤
⎥⎥⎥⎥⎥⎦
,
C = sgnP (Ai A j) =
⎡
⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1
1 3 1 2 3 4
1 1 2 3 4 2
1 2 3 4 4 1
1 3 4 4 1 2
1 4 2 1 2 3
⎤
⎥⎥⎥⎥⎥⎦
.
Note that 2 is a generator of the cyclic group F×5 . Let ψ(2) = i, then ψ is a generator of Fˆ×5 , and
ψ(4) = −1, ψ(3) = −i. So we have ψ2(2) = −1, ψ2(3) = −1, ψ2(4) = 1. Thus we obtain the matrix
S(1) =
⎡
⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1
1 −1 1 −1 −1 1
1 1 −1 −1 1 −1
1 −1 −1 1 1 1
1 −1 1 1 1 −1
1 1 −1 1 −1 −1
⎤
⎥⎥⎥⎥⎥⎦
.
Finally we get the relative divisor class number of K12:
h−12 =
∣∣det S(1)∣∣=
∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣
1 1 1 1 1 1
1 −1 1 −1 −1 1
1 1 −1 −1 1 −1
1 −1 −1 1 1 1
1 −1 1 1 1 −1
1 1 −1 1 −1 −1
∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣
= |−160| = 25 · 5.
detC (1) =
∣∣∣∣∣∣∣∣∣∣∣
1 1 1 1 1 1
1 4 1 4 4 1
1 1 4 4 1 4
1 4 4 1 1 1
1 4 1 1 1 4
1 1 4 1 4 4
∣∣∣∣∣∣∣∣∣∣∣
= 1215, thus 5|h−12.
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cyclotomic function ﬁeld L = k(ΛP ) with conductor P . Let Km = K24 be its subﬁeld of degree m = 24.
Then r|m, (qd − 1)/m = 2, c = m/r = 24/8 = 3. Thus A1 = 1, A2 = T , A3 = T + 1, A4 = T + 2, A5 =
T + 3, A6 = T + 4, A7 = T + 5, A8 = T + 6 are all the monic polynomials of degree less than 2. Thus
we obtain the matrices
(Ai A j) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 T T + 1 T + 2 T + 3 T + 4 T + 5 T + 6
T 6 T + 6 2T + 6 3T + 6 4T + 6 5T + 6 6T + 6
T + 1 T + 6 2T 3T + 1 4T + 2 5T + 3 6T + 4 5
T + 2 2T + 6 3T + 1 4T + 3 5T + 5 6T 2 T + 4
T + 3 3T + 6 4T + 2 5T + 5 6T + 1 4 T 2T + 3
T + 4 4T + 6 5T + 3 6T 4 T + 1 2T + 5 3T + 2
T + 5 5T + 6 6T + 4 2 T 3T + 5 3T + 3 4T + 1
T + 6 6T + 6 5 T + 4 2T + 3 3T + 2 4T + 1 5T
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
C = sgnP (Ai A j) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1 1 1
1 6 1 2 3 4 5 6
1 1 2 3 4 5 6 5
1 2 3 4 5 6 2 1
1 3 4 5 6 4 1 2
1 4 5 6 4 1 2 3
1 5 6 2 1 2 3 4
1 6 5 1 2 3 4 5
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Note that 3 is a generator of the cyclic group F∗7. Take ψ(3) = a = e
2π i
6 , then ψ is a generator of Fˆ∗7
and ψ(2) = a2, ψ(4) = a4, ψ(5) = a5, ψ(6) = a3. Thus we have
ψ2(2) = a4, ψ2(3) = a2, ψ2(4) = a2, ψ2(5) = a4, ψ2(6) = 1;
ψ4(2) = a2, ψ4(3) = a4, ψ4(4) = a4, ψ4(5) = a2, ψ4(6) = 1.
So we obtain the matrices
S(1) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1 1 1
1 1 1 a4 a2 a2 a4 1
1 1 a4 a2 a2 a4 1 a4
1 a4 a2 a2 a4 1 a4 1
1 a2 a2 a4 1 a2 1 a4
1 a2 a4 1 a2 1 a4 a2
1 a4 1 a4 1 a4 a2 a2
1 1 a4 1 a4 a2 a2 a4
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, S(2) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1 1 1
1 1 1 a2 a4 a4 a2 1
1 1 a2 a4 a4 a2 1 a2
1 a2 a4 a4 a2 1 a2 1
1 a4 a4 a2 1 a4 1 a2
1 a4 a2 1 a4 1 a2 a4
1 a2 1 a2 1 a2 a4 a4
1 1 a2 1 a2 a4 a4 a2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
The relative divisor class number is then obtained.
h−24 =
∣∣det S(1) det S(2)∣∣= ∣∣(−1728+ 1728e− 2π i3 )(−1728+ 1728e 2π i3 )∣∣= 8957952= 21237.
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1 1 1
1 1 1 4 2 2 4 1
1 1 4 2 2 4 1 4
1 4 2 2 4 1 4 1
1 2 2 4 1 2 1 4
1 2 4 1 2 1 4 2
1 4 1 4 1 4 2 2
1 1 4 1 4 2 2 4
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, C (2) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 1 1 1 1 1 1 1
1 1 1 2 4 4 2 1
1 1 2 4 4 2 1 2
1 2 4 4 2 1 2 1
1 4 4 2 1 4 1 2
1 4 2 1 4 1 2 4
1 2 1 2 1 2 4 4
1 1 2 1 2 4 4 2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
detC (1) = −906, detC (2) = −2542, 7  906, 7  2542, thus 7  h−24.
Proof of Theorem 1. Let χ0 be a generator of the cyclic group Gˆ , λ = χ
qd−1
m
0 . Then Gˆ K =
{λ0, λ1, . . . , λm−1}. λt is a real character if and only if (q − 1)| qd−1m t , i.e., (q − 1)| (q−1)rtm . It means
that m|rt , i.e., c|t .
Assume, without loss of generality, χ0|Fq = ψ . Then λ|Fq = ψ
qd−1
m ·t . From Lemma 1 we know that
h−m =
c−1∏
t=1
h(t),
where
h(t) =
r−1∏
i=0
∑
A∈R
monic
deg A<d
λic+t(A).
It is easy to see that for every i, λic+t |Fq = λt |Fq = ψ
qd−1
m ·t . And, in addition, λic+t (0  i  r − 1)
are all the characters in G−K whose restrictions on Fq are ψ
qd−1
m ·t . Then we can calculate h(t) . Denote
ψ˜(A) = ψ((sgnP (A))−1).
h(t) =
r−1∏
i=0
∑
A∈R
monic
deg A<d
λic(A)λt(A) =
r−1∏
i=0
∑
A∈R
monic
deg A<d
λic(A)λt(A)ψ˜
qd−1
m ·t(A).
The function λt(A)ψ˜
qd−1
m ·t(A) is unchanged if we replace A with a multiple αA (α ∈ F×q ) or with a
polynomial A + BP congruent to A. In addition, λic (i = 0, . . . , r − 1) are exactly all the characters of
the group G˜ = (R/(P ))×/F×q . Thus we have
h(t) =
∏
χ∈ ˆ˜G
∑
A∈G˜
χ(A)
(
λt(A)ψ˜
qd−1
m ·t(A)
)
.
Applying the Dedekind determinant formula (see [3]) we obtain
h(t) = det(λt(B−1A)ψ˜ qd−1m ·t(B−1A)),
Y.S. Zhao et al. / Journal of Number Theory 129 (2009) 2519–2525 2525where A, B vary over the elements of the group G˜ = (R/(P ))×/F×q . Replacing B−1 by B merely per-
mutes the rows of the matrix, and so
h(t) = ±det(λt(B A)ψ˜ qd−1m ·t(B A))= ±det(λt(B)λt(A)ψ˜ qd−1m ·t(B A)).
By the properties of determinants, it follows that
h(t) = ±λt
(∏
A∈G˜
A
)2
det
(
ψ˜
qd−1
m ·t(AB)
)= ±det(ψ˜ qd−1m ·t(AB)).
It is known that if ψ is a generator of Fˆ×q then so is ψ−1. A, B run through G˜ = (R/(P ))×/F×q is the
same as they vary over all the monic polynomials of degree less than d. Thus Theorem 1 has been
proved. 
Proof of Theorem 2. Consider the elements of C (t) in Fq . Let ζ be a primitive (qd −1)-th root of unity.
Denote E = Q(ζ ). Let O be the ring of integers of E . E is unramiﬁed at all primes above p because
p  qd − 1. Denote a prime above p as ℘ . Since the minimal f such that p f ≡ 1 (mod qd − 1) satisﬁes
p f = qd , the residue class ﬁeld O/℘ consists of qd elements. So O/℘ is isomorphic to the ﬁeld R/(P ).
Let ρ :O/℘ → R/(P ) be an isomorphism and γ :O→O/℘ be the reduction modulo ℘ on O. Acting
the homomorphism ρ ◦ γ to both sides of the formula obtained in Theorem 1 we ﬁnd
p|h−m ⇔ ∃t ∈ {1, . . . , c − 1} such that ρ ◦ γ
(
det S(t)
)= 0.
For a primitive character ψ of F×q , the homomorphism ρ ◦γ ◦ψ is a mapping of F×q to itself. And, we
can choose a suitable ρ to make ρ ◦ γ ◦ ψ an identity map. Acting the homomorphism ρ ◦ γ on S(t)
we obtain
ρ ◦ γ (det S(t))= ρ ◦ γ (±detψ t(qd−1)/m sgnP (Ai A j))
= ±det(ρ ◦ γ ◦ ψ t(qd−1)/m sgnP (Ai A j))= ±det(sgnP (Ai A j)t(qd−1)/m).
The proof of Theorem 2 is completed. 
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